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Abstract In this paper we consider 2D Maxwell-dilaton gravity and calculate modified en-
tropy due to higher order terms of the form

∑
anR

n. We find that, higher order correction
decreases the value of the black hole entropy. Then we compare the effect of higher or-
der corrections with effect of Chern-Simons term on the black hole entropy and obtain the
expansion coefficient an.
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1 Introduction

The entropy function formulation of Sen [1], which derived from Wald’s formula [2] is the
good method to calculate the black hole entropy, specially in two dimension [3–5]. In that
case the possibility of two dimensional black holes by means of a conformal field theory has
been investigated [6–12]. In two dimensional dilaton gravities [13–15] it has been shown
that, the entropy is proportional to the value of the dilaton field at the horizon. In order to
find the black hole entropy, by using entropy function method [16–23], at the first, one can
rewrite the lagrangian density in terms of the near horizon value of fields, and then take
the Legendre transformation of the resulting function with respect to the electric field, and
finally multiply with an overall factor 2π . Therefore the entropy function E is given by,

E = 2π [qiεi − L], (1)

where qi denote electric charges, and εi are near horizon radial electric field. The entropy
function E is a function of the electric charges qi and various parameters of near horizon
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background, such as sizes of AdS2 space. These parameters obtained by extremizing E with
respect to them. Finally, the black hole entropy is given by the value of E at its extremum.

Already, in Ref. [24], author studied 2D Maxwell-dilaton gravity with higher order cor-
rections given by the Chern-Simons term. By using entropy function formalism they found
the black hole entropy. Also they obtained the central charge and the level of U(1) current.
Now, in this article we consider 2D Maxwell-dilaton gravity in Sect. 2, and calculate mod-
ified black hole entropy due to higher order correction. Then, in Sect. 3 we compare our
result with Ref. [24] and fix coefficients of higher order curvature terms.

2 2D Maxwell-Dilaton Gravity

In this section we consider two dimensional Maxwell-dilaton gravity and try to obtain
the black hole entropy, by using entropy function formalism. Then we consider the effect
of higher order corrections on the black hole entropy. The Einstein-Hilbert action of 2D
Maxwell-dilaton gravity is given by,

SEH = 1

8G

∫

d2x
√−geφ

(

R + 2∂μφ∂μφ + 2

L2
e2φ − L2

4
FμνF

μν

)

, (2)

where L is AdS2 radius. The equations of motion are given by,

gμν

(

∇2eφ + 1

L2
e3φ − L2

4
F 2eφ + eφ∂μφ∂μφ

)

− ∇μ∇νe
φ − 2eφ∂μφ∂νφ = 0,

R + 6

L2
e2φ + L2

2
F 2 + 2eφ∂αφ∂αφ − 4∇2eφ = 0, (3)

εμν∂μ(Feφ) = 0,

where Fμν = √−gεμνF . The AdS2 solution which preserves SO(1,2) symmetry is given by
the following ansatz,

ds2 = v

(

−r2dt2 + 1

r2
dr2

)

,

eφ = u, (4)

Frt = ε

L2
,

where u, v and ε are constants which can be determined in terms of the charge q . In order
to obtain these parameters we extremize the entropy function with respect to them. By using
solutions (4), the equation of motion (3) reduces to,

u2 − ε2

4v2
= 0,

ε2

2v2L2
+ 6u2

L2
− 2

v
= 0.

(5)

By eliminating ε from (5) we have the following condition,

4vu2 = L2. (6)
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Now, we are going to use Wald’s formula to obtain the entropy function. In the firs step, by
using solution (4) we should write the lagrangian density in terms of u, v and ε,

L(u, v, ε) = u

8G

[

−2 + 2vu3

L2
+ uε2

2vL2

]

. (7)

Then, by using relation (1), one can obtain the following entropy function,

E(u,v, q) = πu

2G

[

1 − uv2

L2

]

+ 8GπL2q2 v

u
, (8)

where q = ∂L
∂ε

= uε

8GvL2 denotes the electric charge carried by the black hole.
The third step is extremizing the entropy function with respect to u and v, which yield to

the following equations,

ve = 1

16Gq
,

ue = 2L
√

Gq,

(9)

where ve and ue are extremum values of v and u respectively. One can check that solutions
(9) satisfy the condition (6). Then, we yield to the black hole entropy by rewriting the value
of the entropy function (8) at the extremum,

SBH (q) = πL

√
q

G
. (10)

Now, let us to consider the effect of the higher-derivative correction terms of the form Rn

[1, 3]. In that case one should replace
∑

anR
n = R + a2R

2 + a3R
3 + · · · instead R in the

action (2). Hence the change of the action due to the higher-derivative correction is,

	SEH = 1

8G

∫

d2x
√−geφ

∑
anR

n, (11)

and,

	L = − uv

8G

∑
an

(
2

v

)n

. (12)

Therefore one can obtain modified entropy function as the following equation,

Emod(u, v, q) = 2π

[

4GL2q2 v

u
− vu3

4GL2
+ vu

8G

∑
an

(
2

v

)n]

, (13)

and extremizing the modified entropy function ∂Emod
∂v

= 0 and ∂Emod
∂u

= 0 give us following
relations respectively,

4Gq2L2

u
− u3

4GL2
+ u

8G

∑
(n − 1)an

(
2

v

)n

= 0, (14)

and,

4Gq2L2

u2
+ 3u2

4GL2
− 1

8G

∑
an

(
2

v

)n

= 0. (15)
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From (14) and (15) one can obtain the following relations,

u2 = L2

2

[
1

6

∑
an

(
2

v

)n

+
√

(∑
an(

2
v
)n

6

)2

− 64G2q2

3

]

,

= L2

2

[
1

2

∑
(n − 1)an

(
2

v

)n

+
√

(∑
(n − 1)an(

2
v
)n

2

)2

+ 64G2q2

]

, (16)

so, we find the following equation,

256

3
G2q2 + 1

6

∑
an

(
2

v

)n ∑
(n − 1)an

(
2

v

)n

+ 1

4

[∑
(n − 1)an

(
2

v

)n]2

− 1

12

[∑
an

(
2

v

)n]2

= 0. (17)

Therefore we obtain the modified entropy function as the following,

Smod = π

4G
ueve

∑
(2 − n)an

(
2

v

)n

, (18)

where ue given by (16) and ve is root of (17). It is easy to check that n = 1 term of entropy
(18) reduces to the entropy (10) if a1 = 1. Also we see that the second term (n = 2) has no
effect on the entropy, so one can rewrite the entropy (18) as the following form,

Smod = πL

√
q

G
− π

4G
ue

∑

n=3

(n − 2)2nanv
1−n
e . (19)

We see that, the higher order terms may be decrease the value of entropy (10), so all terms
with n > 2 have negative effect on the entropy of black hole.

In the next section we consider higher order corrections given by the Chern-Simons term.

3 2D Gravity with Chern-Simons Corrections

In this section, we add the two-dimensional Chern-Simons term to the action (2), so the total
action is given by S = SEH + SCS where,

SCS = − 1

32Gμ

∫

d2x(LRεμνFμν + L3εμνFμρF
ρσ Fσν). (20)

In that case, equations of motion (3) extended to the following relations,

gμν

(

∇2eφ + 1

L2
e3φ − L2

4
F 2eφ + eφ∂μφ∂μφ

)

− ∇μ∇νe
φ − 2eφ∂μφ∂νφ

− L

2μ

[

gμν

(

∇2F − L2F 3 − R

2
F

)

− ∇μ∇νF

]

= 0,

R + 6

L2
e2φ + L2

2
F 2 + 2eφ∂αφ∂αφ − 4∇2eφ = 0,

εμν∂μ

(

Feφ + 1

2μL
(R + 3L2F 2)

)

= 0.

(21)
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Similar to the previous section one can find extremal value of v and u as following,

ve = 1

16Gq

(

1 − 1

μL

)

,

ue = 2L
√

Gq

(

1 − 1

μL

)− 1
2

.

(22)

Again, it is easy to check that solutions (22) satisfy equations of motion (21) under assump-
tion (4). Now, the entropy of black hole may be written as the following expression [24],

SBH (q) = πL

√
q

G

(

1 − 1

μL

)

. (23)

It is clear that, in the case of μ → ∞ where the effect of the Chern-Simons term is zero, the
entropy (23) reduces to the entropy (10).

If we assume that effect of the Chern-Simons term is small, then it may be interesting to
expand the entropy (23),

SBH (q) = πL

√
q

G

(

1 − 1

2μL
− 1

8μ2L2
− 1

16μ3L3
+ O(μ−4)

)

. (24)

Now we would like to compare order by order the correction term in relation (24) and
relation (10), thus one can obtain,

a3 = G

4π

ve

ue

ve

μL
,

a4 = G

4π

ve

16ue

[
ve

μL

]2

, (25)

a5 = G

4π

ve

96ue

[
ve

μL

]3

,

however, about expansion coefficient we find that a1 = 1, a2 = 0 and

an ∼ ve

ue

[
ve

μL

]n−2

(26)

with n ≥ 3.

4 Conclusion

In this paper we considered 2D Maxwell-dilaton gravity, and by using entropy function
formalism calculated modified entropy, due to higher order correction. In this method one
can consider higher order correction by expansion

∑
anR

n. On the other hand, the effect
of higher order corrections calculated by adding Chern-Simons term to the Einstein-Hilbert
action of 2D Maxwell-dilaton gravity [24]. We compared results of these methods and ob-
tained expansion coefficient. We have shown that the second order term have no effect on
the entropy of black hole, and the other terms have negative effect on the black hole entropy
proportional to ve

ue
[ ve

μL
]n−2, with n ≥ 3.
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